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Abstract
Most deontic logics disregard that obligations are thought of as obliging some
particular individual. Obligatory acts are considered as impersonal: related to one and
the same individual all the time. It seems impossible to express that some acts are
obligated for one or for some, but not for all, individuals. In this paper, we discuss the
formalizations of relativized deontic modalities of Bailhache (1991), and Herrestad and
Krogh (1995). Moreover, we modify of Herrestad and Krogh’s theory by introducing
collective obligations.
1

Introduction

Conventional approaches to deontic logic employ impersonal deontic operators. These
approaches assume an implicit reference to one and the same individual all the time; an
explicit reference to this person is then unnecessary (Hintikka, 1970). A sentence such as
“ It is obligatory for John that the window is closed and it is obligatory for Paul that the
light is on” cannot be expressed within these approaches and, hence, leads to a problem.
These approaches are limited, since they cannot deal with individuals.
Another problem treated below is how we can interpret O(p) differently from an
obligation for one and the same individual all the time. Possible interpretations are (1) an
obligation for all individuals (the general obligation)2, (2) an obligation for some
unspecific individual (an unspecific obligation), (3) a strong obligation that implies the
general obligation and (4) a weak obligation that is implied by the unspecific
obligation3. In this paper, we first investigate which axioms of the standard deontic logic
hold for the distinct interpretations on the basis of the theories by Bailhache (1981,
1991) and Herrestad and Krogh (1995). Then we develop a semantical model-structure for
all these interpretations, providing a systematic analysis of how these interpretations are
related to each other.
Furthermore, we modify the theory by Herrestad and Krogh to avoid a serious
problem, viz. a principle they do not want to hold, which creeps back into the theory by
extending it with a weaker notion of the obligation than the unspecific obligation. Our
solution is to define this weaker notion of the obligation as a collective obligation.
This article is structured along the following lines. In section 2, we present the
syntax and the semantics of the standard deontic logic. In section 3, we discuss the
1

2
3

This research was sponsored by the foundation for Law and Public Administration (Reob), which is
part of the Netherlands Organization for Scientific Research (NWO).
Cf. Hansson (1970).
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theory of Bailhache. The theory of Herrestad and Krogh is described and modified in
section 4. The modification consists of the introduction of the notion of a collective
obligation. In the last section, we provide some conclusions.
2

Standard deontic logic and individuals

By standard deontic logic (SDL), a modal (Kripke-style) version of the now so-called
“ Old System” of Von Wright (1951), we mean the system D * based on propositional
logic and axiomatized by the rule of inference4
(ROM)

p → q / O(p) → O(q)

together with the following axiom schemata
(OC)
(ON)
(O D)
(Df.P)

(O(p) ∧ O(q)) → O(p ∧ q)
O(p ∨ ¬p)
¬O(p ∧ ¬p)
P(p) ≡ ¬O(¬p)

The semantics of this system can be given using the model structure M = (W, R, V)
consisting of three elements:
1. The set of possible worlds W = {w, w1, w2, ...}
2. The accessibility function R ∈ R, which takes a world and returns a subset of W:
R: W → 2W.
3. A valuation function V, which assigns one of the values true or false to any
proposition at a world in W.
The intuition behind the function R is that it yields the deontically ideal worlds relative
to a given world. Formally:
M, w J O(p) iff R(w) ⊆ [[p]]
(1)
M, w J P(p) iff R(w) ∩ [[p]] ≠ ∅
(2)
with the function [[ ]] ∈ L → 2W and L the set of well-formed formulas (wffs) of the
propositional calculus.5
The following constraint (which gives the schema O D)
R(w) ≠ ∅ for all w ∈ W
(3)
will be added to validate the schema (O D). The truth conditions (1) and (2) are sufficient
to validate the rule and all other schemata. Thus D * is sound.6
On the basis of this system D * we can give the semantics of the system D i * to
relativize deontic operators to individuals using the following model-structure M = (W,
R, I, V), with the function R i ∈ R on W, returning the deontically ideal worlds for
individual i given a world (R i : W → 2W) and the set of individuals I = {i, i 1, i 2, ...}.
The truth conditions for O i and P i are defined as follows
M, w J O i (p) iff R i (w) ⊆ [[p]]
(4)
4
5

6

The system D* is the smallest normal KD-system of modal logic (cf. Chellas (1980)).
[[p]] = {w | P(w, p) = true}. It is easy to see that the following properties hold: [[p ∨ q]] = [[p]] ∪
[[q]],
[[p ∧ q]] = [[p]] ∩ [[q]] and [[¬p]] = [[p]].
A system is sound iff for all wffs p it holds that if H p then J p.
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M, w J P i (p) iff R i (w) ∩ [[p]] ≠ ∅
(5)
The following constraint gives the schema O D for O i :
∀i ∈ I: Ri (w) ≠ ∅, for all w ∈ W.
(6)
From the semantics of O i and P i , it follows that the rule and all schemata for O of the
system D * are also valid for O i .
The question arises whether there is a relation between the individuals. Hilpinen
(1973) and Bailhache (1981, 1991) want a coherent system, without conflicting
obligations such as O i (p) ∧ O j (¬p). To accomplish this, they add the following axiom to
the system D i *:
O i 1(p) ∧ O i 2(q) ∧ ... ∧ O i n(v) → P i k (p ∧ q ∧ ... ∧ v)
(7)
which is validated by adding the following constraint
∩i ∈ I Ri (w) ≠ ∅, for all w ∈ W.
(8)
Nowadays, this axiom (7) is controversial, because it states that there is no conflict of
personal duties, which is manifestly not in line with daily life situations where we can
often find conflicts between legal rules, moral codes, promises, etc. It removes the
possibility to express conflicts between personal obligations of different individuals,
with the result that the systems of norms must be consistent (i.e., without conflicting
obligations). That is why we do not enforce the axiom (7).
With the semantics of the personal obligation and personal permission, we can
formalize the general and unspecific obligation and permission:
•
•

The general obligation and permission: ∀i ∈ I: O i (p) and ∀i ∈ I: Pi (p);
The unspecific obligation and permission: ∃i ∈ I: Oi (p) and ∃i ∈ I: Pi (p).

3

Bailhache

Bailhache (1981, 1991) allows two different notions of obligation in his system:
1. the general obligation O +(p) (O +(p) ≡ ∀i ∈ I: Oi (p)), with its dual the unspecific
permission P +(p) (P +(p) ≡ ∃i ∈ I: Pi (p));
2. the unspecific obligation O −(p) (O −(p) ≡ ∃i ∈ I: Oi (p)), with its dual the general
permission P −(p) (P −(p) ≡ ∀i ∈ I: Pi (p)).
According to the semantics given so far, all the axioms of SDL hold for O +. However, for
O − the axiom (OC) is not valid:
∃i ∈ I: Oi (p) ∧ ∃i ∈ I: Oi (q) →
/ ∃i ∈ I: Oi (p ∧ q).
(9)
This is in accordance with our intuition. For instance, “ A janitor might be obliged that
the floor in a building is swept clean every morning, and a financial minister might be
obliged that the rate of inflation is as low as possible. That there is a person for whom it
is obligatory that both the floor is swept and that the inflation rate is as low as possible,
we find strange.” (Herrestad and Krogh, 1995, p. 462)
Bailhache (1981) wants the following schema to hold
∃i ∈ I: Oi (p) → ∀i ∈ I: Pi (p)
(10)
−
−
*
which is equivalent to O (p) → P (p). We denote this schema as (O D ). This schema is
valid by adding constraint (8). Furthermore, the following four relations between O − and
O + are valid: O +(p) → O −(p), P −(p) → P +(p), O +(p) → P −(p) and O −(p) → P +(p).
Figure 1 depicts the logical relations between the operators O +, O −, P +, P −, O i and P i .
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P - ( p)

O + ( p)

O i ( p)

P i ( p)

O - ( p)

P + ( p)

Figure 1: The logical relations between six operators
In contrast to this approach, we do not enforce the schema (O D*) for O − as we have
discussed, by giving up the constraint (8). Then the valid properties can be summarized
as in Figure 2.
P - ( p)

O + ( p)

O i ( p)

O - ( p)

P i ( p)

P + ( p)

Figure 2: The valid properties of the logical operators
4

Herrestad and Krogh

Herrestad and Krogh (1995) introduce a stronger notion of the general obligation O +(p)
and general permission P −(p), and a weaker notion of the unspecific obligation O −(p) and
unspecific permission P +(p). With the general obligation, we can only express
obligations for any particular individual in a group; with the unspecified obligation, we
can only express obligations for some particular individual in the group.
However, Herrestad and Krogh do not exactly define the weaker and the stronger
notion of the obligation (O −− and O ++ respectively) and the permission (P ++ and P −−
respectively). They only aim at a situation where the following properties hold for these
notions:
O ++(p) → ∀i ∈ I: Oi (p),
∃i ∈ I: Pi (p) → P ++(p),
∃i ∈ I: Oi (p) → O −− (p), and
P −− (p) → ∀i ∈ I: Pi (p).
The truth conditions for O ++ and P ++ are the same as (1) and (2), with the accessibility
function R ++:
∪i ∈ I Ri (w) ⊆ R ++(w) for all w ∈ W.
(11)
From (6) and (11) it follows that the following constraint is valid:
R ++(w) ≠ ∅ for all w ∈ W.
(12)
++
Thus, O (p) → P ++(p).
The truth conditions for O −− and P −− are also the same as (1) and (2), with the
accessibility function R−− :
R −− (w) = ∩ i ∈ I Ri (w) for all w ∈ W.
(13)
108
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Herrestad and Krogh (1995) do not want the schema (O D*) for O −− , since otherwise (10)
is derivable. Thus they do not add the principle
R −− (w) ≠ ∅ for all w ∈ W.
(14)
−− 7
The rule and all other schemata of SDL are valid for O .
From (11) and (13) we can derive the constraint
R −− (w) ⊆ R ++(w) for all w ∈ W,
(15)
which provides us with the principles
O ++(p) → O −− (p), and
(16)
P −− (p) → P ++(p).
(17)
4.1

The problem of accepting O++(p) → P (p)

Just as if the general obligation implies the general permission and the weak obligation
implies the weak permission, Herrestad and Krogh (1995) aim at holding these principles
for O ++ and O −− :
O ++(p) → P −− (p), and
(18)
−−
++
O (p) → P (p).
(19)
But this does not follow from the semantics given so far. We cannot add the constraint
If R ++(w) ⊆ [[p]] then R −− (w) ∩ [[p]] ≠ ∅ for all w ∈ W
(20)
which validates the principle (18) and (by contraposing (18) and substituting ¬p for p)
principle (19), since now constraint (14) holds.8 This provides the schema (O D*) for O −− .
Thus, the consequence of this schema (O D*) for O −− is that it requires that no obligations
are in conflict in order to be applicable.
According to Herrestad and Krogh (1995), the problem is due to the validity of (ON)
for O ++, i.e., O ++(p ∨ ¬p). The solution they provide is to block the inference of P −− (p) from
O ++(p) when p is a tautology. Instead of (20), they offer the principle9
(◊p ∧ ◊¬p) → (O ++(p) → P −− (p)).
(21)
However, the solution is not quite satisfactory, because we can derive the formula P −− (p)
→ (O −− (q) → P −− (q)), since R−− (w) ≠ ∅ if R−− (w) ∩ [[p]] ≠ ∅, and therefore O ++(p) → (O −− (q)
→ P −− (q)). Thus, if there is a proposition p (p is not a tautology) for which P −− (p) or
O ++(p) is true, the schema (O D) is valid for O −− . We can solve this problem by stating that
P −− (p) and O ++(p) are always false for every p which is no tautology. But the question
thus rises why, for example, one introduces a stronger notion of the obligation, where
this obligation actually has the value false.
We do not think that the problem is the validity of (ON) for O ++. In the following
subsection, we provide a far more simple solution.
4.2

Our solution to the problem

Obligations can also aim at a group: collective obligations (cf. Royakkers and Dignum,
1995a, 1995b). An example of a collective obligation is
“ John and Tom are obligated that the table is moved”.
7

8

9

Notice that the schema (OC) does hold for O−− but not for the unspecific obligation O− (see previous
section). We discuss this in more detail in subsection 4.2.
Since R++ (w) ⊆ [[p ∨ ¬p]] is true for all w ∈ W, then by means of (15) and modus ponens R−− (w) ∩
[[p ∨ ¬p]] ≠ ∅ is also true, which is equivalent with R−− (w) ≠ ∅.
◊ is the possibility sign. ◊p is true just in case p is true at some possible world.
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We cannot express this example by means of the three notions of obligation which we
have discussed far: the unspecific, personal and general notion. From this example, it does
not follow that
“ John is obligated that the table is moved”.10
Our solution to the problem (that the schema (O D*) creeps back in for the weak
obligation) is that we define the stronger notion of the general obligation as an
obligation for all groups (a general collective obligation), and the weaker notion of the
unspecific obligation as an obligation for some group (an unspecific collective
obligation). We call them respectively the strong and the weak obligation:
1. the strong obligation O ++(p) (O ++(p) ≡ ∀X ⊆ I: O X (p)), with its dual the weak
permission P ++(p) (P ++(p) ≡ ∃X ⊆ I: P X (p));
2. the weak obligation O −− (p) (O −− (p) ≡ ∃X ⊆ I: O X (p)), with its dual the general
permission P −− (p) (P −− (p) ≡ ∀X ⊆ I: P X (p)).
The justification of these definitions is that we claim that the strong obligation is the
strongest notion of the obligation, and that the weak obligation is the weakest notion of
the obligation.
The relativized obligation O X (p) means that it is obligated for the group X that p. In
other words, X, as a group, has to accomplish that p. Thus, this does not mean that O X (p)
is an obligation for every individual in the group X. The truth conditions for O X and P X
are defined as follows
M, w J O X (p) iff R X (w) ⊆ [[p]]
(22)
M, w J P X (p) iff R X (w) ∩ [[p]] ≠ ∅
(23)
with the additional constraint (which gives the schema (O D) for O X )
∀X ⊆ I: R X (w) ≠ ∅, for all w ∈ W.
(24)
The function R X ∈ R on W returns the deontically ideal worlds for the group X given a
world: R X : W → 2W 11 and X ⊆ I.
Now it follows that the truth conditions for O X and P X provide us with the principles
(16), (17), (18) and (19), without needing an extra constraint, such as (21). Furthermore,
all the schemata of the system SDL are valid for O ++. For O −− , the schemata (O D*) and (OC)
are not valid, which corresponds to our intuition.
The valid properties are summarized in Figure 3.
O++( p)

P -- ( p)
P - ( p)

+

O ( p)

O i ( p)

O - ( p)

P i ( p)

P + ( p)

O-- ( p)

P ++ ( p)

Figure 3: The valid properties

10
11

Cf. Kordig (1975).
We assume that R{i}(w) = Ri(w) for all w ∈ W.
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From the consideration of collective obligations as given above and the semantical
model-structure that validates the properties of Figure 3, we can conclude that the given
solution is satisfactory, since (O D*) is not valid and all properties Herrestad and Krogh
(1995) want to hold are valid.
4.3

The schema (OC)

A reason for adding the schema (OC) to a system is that “ if there is a group for which it is
obligated that p, say X, and there is a group for which it is obligated that q, say Y, then it
is obligated for at least the group X ∪ Y to accomplish p ∧ q.”
If one wants to hold this schema, one must add the constraint
R X (w) ⊆ R Y(w) if Y ⊆ X for all w ∈ W,
(25)
which also validates the principle12
O X (p) → O X ∪ Y(p).
(26)
Notice that now the collective obligation is defined as a (restricted) weak obligation:
O X (p) ≡ ∃Y ⊆ X: O Y(p).
(27)
This means that the collective obligation O X (p) is not an obligation for the group X as a
whole (as in the previous subsection), but an obligation for some subgroup in X.
However, now we can derive the schema (O D*) from (OC) and (O D). To reject the
schema (O D*), we have to reject (O D), if we want to keep (OC). This can be accomplished
by giving up the constraint (24).
5

Conclusion

The result of the theory presented in this paper is a distinction between three levels of
notions of obligation and permission:
•
•
•

The first level is the level of the personal notions: O i and P i ;
The second level is the level of the general and unspecific notions: O + and P −,
respectively O − and P + ;
The last level we discussed is the level of the general and unspecific collective
notions: O ++ and P −− , respectively O −− and P ++.

The relations between the three levels are summarized in Figure 3.
The extension by including relativized deontic modalities in the standard deontic
logic provides us with the possibility to express, for example, that p is obligatory for an
individual, but not for everyone: O i (p) ∧ ¬∀j ∈ I: O j (p), which is not expressible within
a non-relativized deontic logic.
A problem arises in the theory of Herrestad and Krogh (1995) when we add
constraint (20) to validate (18) and (19). However, this gives the schema (O D*) for O −−
and for O −. They propose a restricted bridge principle (21) instead of (20). But we have
shown that this solution is not quite satisfactory. Instead, we suggest a stricter
definition of O ++ and O −− by means of collective obligations, thus not modifying the
schema (ON) for O ++.
Finally, we have rejected (OC) for O −− for the same reason as the rejection of (OC)
for O −. However, this schema is not counter-intuitive if we define the collective
12

This principle seems paradoxial (“ If John is obligated that p, then John and Paul are obligated that
p”) corresponding to the Ross’ paradox (“ If it is obligated to post the letter, then it is obligated to post
or burn the letter”.)
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obligation as a restricted weak obligation. To keep this schema we have to give up (O D)
for O −− , since otherwise the schema (O D*) would be valid.
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